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Abstract` 

 As the basic equations of MHD spectral theory date back to 1958 for static plasmas 

(Bernstein et al., 1958) and to 1960 for stationary plasma flows (Frieman and Rotenberg, 

1960), progress on the latter subject has been slow since it suffers from lack of analytical 

insight concerning the structure of the spectrum. One of the reasons is the usual misnomer 

of ‘non-self adjointness’ of the stationary flow problem. Actually, self-adjointness of the 

occurring operators, namely the generalized force operator and the Doppler–Coriolis 

gradient operator, was proved right away by Frieman and Rotenberg. Based on the reality 

of the two quadratic forms corresponding to these operators, it is constructed here (a) an 

effective method to compute the solution paths in the complex ω plane on which the 

eigenvalues are situated, (b) the counterpart of the oscillation theorem for eigenvalues of 

static equilibria (Goedbloed and Sakanaka, 1974) for the eigenvalues of stationary flows, 

based on the monotonicity of the alternating ratio of the boundary values of the 

displacement ξ and the total pressure perturbation. This enables one to map out the 

complete spectrum of eigenvalues in the complex ω-plane. The intricate topology of the 

solution paths is discussed for the fundamental examples of Rayleigh–Taylor, Kelvin–

Helmholtz and combined instabilities.  
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1.0 INTRODUCTION 

In magnetic fusion research, the study of 

MHD instabilities is imperative for obvious 

reasons: current-driven and pressure-driven 

instabilities severely limit the operational 

windows of the basic parameters q (the 

safety factor) and β (the ratio of kinetic to 

magnetic pressure).  

 

The MHD spectral theory of static plasmas 

has a firm foundation in the energy 

principle (Hain et’al 1957; Berstein et’al, 

1958), and has been applied to numerous 

stability problems, in particular to 

tokamaks, the corresponding basic theory of 

stationary plasmas, although existing for 

half a century (Frieman and Rotenberg, 

1960), has hardly been applied to magnetic 

plasma configurations of interest. In fact, 

the number of papers on the two subjects 

appears to be inversely proportional to their 

complexity, with the vast majority of 

contributions to MHD stability of tokamaks 

restricted to static equilibria, whereas the 

waves and instabilities of stationary 

equilibrium flows are mostly discussed 

analytically for trivial equilibria only or 

completely numerically for more 

complicated geometries. The problem with 

the latter is not so much that numerical 

approaches are inaccurate, but that they 
suffer from lack of analytical insight 

concerning the structure of the spectrum. 

The reason may be that it has been 

hampered by the wide spread misconception 

that the stationary spectral problem is non-

self-adjoint. In contrast, self-adjointness of 

the occurring operators, namely the 

generalized force operator  and the 

Doppler–Coriolis gradient operator, was 
proved right away in (Frieman and 

Rotenberg, 1960) but the essential difficulty 

appears to be that the stationary 

eigenvalue problem is nonlinear. Hence, 

the construction of eigenvalues involves 

searching in the two directions of the 

complex -plane. Recall that the static 

eigenvalue problem only involves searching 

along the real and imaginary axes since the 
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eigenvalue only appears as  there. 

Modern numerical investigations of 

tokamak equilibria, e.g. with the CASTOR 

code (Kerner et al., 1998), typically involve 

a linear eigenvalue problem  in terms of 

the seven primitive variables, rather than the 

nonlinear eigenvalue problem with the 

operators  and  in terms of the three 

components of the displacement vector . 

The advantage of the primitive variable 

approach is that it can be extended to 

dissipative plasmas, since the eigenvalue 

problem is complex anyway, but it does not 

offer the insights obtained from the force 

operator approach exploiting  (Case, 

1960). For example, the CASTOR code can 

easily be extended with toroidal flows 

(Vander et al., 2000; Belien et al., 2000) 

and (with a substantial additional effort) to 

poloidal flows (Geodbloed et al., 2004; 

Blokland et al., 2007). 

 

 

1.2  Basics of Magnetohydrodynamics (MHD)  

As is well known (Hain et al., 1957; 

Berstein et al., 1958), by means of the force 

operator  and the associated potential 

energy , the MHD spectral problem for 

static plasmas may be represented in the 

form                

    

 (1) 

 

 

(2) 

 

The generalization for stationary plasmas 

involves a redefined displacement vector 

field , now measuring the perturbation of 

the flow (Bondeson et al., 1987). The 

generalized force operator    

 

     

(3) 

 
and the velocity operator                                                                                                                   

  

(4) 

 

 

(5) 

 

Real quadratic forms  and , corresponding to the self-adjoint operators  and , 

may be defined as in (2).  
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The intrinsic nonlinearity of the eigenvalue 

equation (5) is more clearly demonstrated 

by the corresponding quadratic forms 

equality where the normalization is with 

respect to the norm  

 

 

 (6) 

 

  

 (7) 

 

Distinguishing real and imaginary parts, , the solutions of this quadratic, 

 

   

 (8) 

 

involve the solution-averaged Doppler–

Coriolis shift . The general spectral 

properties of the characteristic configuration 

with corresponding schematic HD and MHD 

spectra. The spectral equations (1), (2) and 

(5)  reduce to an ordinary differential 

equation (ODE) for the normal component 

of , 

 

         

 

(9) 

 

Subject to the boundary conditions 

 (left),     (right) 

(10),    (11) 

 

In the simplest of HD configurations, the 

main response to disturbances comes from 

the collection of frequencies (Spies, 1978).

  

 

An equivalent, but more powerful, 

construction of the solution path is obtained 

by considering the physical significance of 

the one-sided BVP (9)–(10a). As a side 

product of the tedious proof of self-

adjointness of the operator , this energy 

can be expressed in terms of a surface 

integral over the open boundary: 

 
 
 
 

       

(12) 
 

One could consider  to be the 

condition of vanishing of the Poynting flux, 

averaged over a sloshing period, produced 

by an energy emitting or absorbing device 

(e.g. an RF coil) at the plasma boundary. 

Alternatively, one could consider the 

solution path as the collection of genuine 

eigenvalues of a plasma–vacuum system. 
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1.3 Conclusion 

A new construction of the full complex MHD 

spectrum of flowing  

plasmas has been found, based on the self-

adjointness of the generalized force operator  

and of the Doppler–Coriolis shift operator  of 

the Frieman–Rotenberg spectral equation 

(Frieman and Rotenberg, 1960). Heretofore, the 

nonlinearity of this eigenvalue problem, with 

associated complex eigenvalues, has generally 

been confused with supposed non-self-

adjointness. In fact, the operator  does become 

non-self-adjoint if the system is opened up by 

removing one of the walls. The original 

eigenvalue problem then becomes a one-sided 

boundary value problem, which is solvable for 

arbitrary complex  and which makes the 

energy  complex. However, by demanding  

to be real (so that  is self-adjoint again), 

 (Andries, 2010 ). The method is 

presently being applied to the magneto-

rotational instabilities of accretion disks (with 

Keppens) and to the resistive wall mode 

instabilities of tokamaks. Generalization to 

toroidal plasmas is feasible. It requires the 

construction of the solution path by solving 

, which involves boundary data that are 

available in any toroidal spectral code. Of 

course, monotonicity of an alternator no longer 

holds in toroidal problems, but the one-

dimensionality of the solution path significantly 

simplifies finding the eigenvalues on it. This 

provides a powerful new tool for MHD 

spectroscopy of moving laboratory and 

astrophysical plasmas in complex magnetic 

geometries. 
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